We work out examples of tensor products for distinct q-generalizations of euclidean, oscillator and s`(2) type superalgebras, in cases where the method of highest weight vectors will not apply. In particular, we use the three-term recurrence relations for Askey-Wilson polynomials to decompose the tensor product of representations from the positive discrete series and representations from the negative discrete series. We show that various q-analogs of the exponential function can be used to mimic the exponential mapping from a Lie algebra to its Lie group and we compute the corresponding matrix elements of the \group operators" on these representation spaces. We show
Introduction
Zhedanov and others have introduced a product of generalized s`q(2) algebras that allows one to take tensor products of representations corresponding to two distinct algebras, 28, 8, 7] . Their generalization is an algebra (v; u) with generators H, E + , E ? which obey the commutation relations H; E + ] = E + ; H; E ? ] = ?E ? ; E + ; E ? ] = ?uq ?H ? vq H : (1) Here, u and v are real numbers and 0 < q < 1. For uv 6 = 0 this algebra is isomorphic to one of the true s`q(2) type algebras, for uv = 0; u 2 + v 2 > 0 it is isomorphic to a special realization of the q-oscillator algebra, and for u = v = 0 it is isomorphic to the Euclidean Lie algebra m(2), 12] . This algebra has an invariant element C = E + E ? + vq H ? uq 1 ?H 1 ? q : (2) As pointed out by Zhedanov and others 28, 8, 7] , the family of algebras admits a multiplication (v; u) (?u; t) = (v; t), de ned by F + = (E + ) = E + q 1 2 H + q ? 1 2 H E + ; F ? = (E ? ) = E ? q 1 2 H + q ? 1 2 H E ? ; (3) L = (H) = H I + I H: The operators F , L satisfy the commutation relations (1) . Using (3) we can easily de ne the tensor product of a representation of (v; u) and the representation of (?u; t), thereby obtaining a representation of (v; t). This construction yields a convenient generalization of the tensor product computations in, for example, 13, 14, 15] . We follow this idea to study generalizations of the osp q (1=2) algebra, 3, 21, 23] .
In this paper the q-superalgebra v; u] is de ned by the generators H; V and relations H (9) where the rst factor corresponds to the algebra v; u] and the second factor to algebra ?u; t]. Indeed In x2 and x3 we study irreducible representations of the \Euclidean" algebra 0; 0] and work out the (nonunique) tensor product decomposition for 0; 0] 0; 0] = 0; 0]: We compute the Clebsch-Gordan coe cients for the expansion and use them to derive q-series identities for the special functions that appear naturally in the theory. They are interpreted here as expansions of the matrix elements of a \group operator" in a tensor product basis in terms of the matrix elements in a reduced basis. The q-series are base ?q, as follows naturally from expressions (7) . In x4 we carry out the analogous constructions for positive discrete series representations of the general algebra v; u] for v 2 + u 2 > 0 tensored with negative discrete series representations. Here our methods lead naturally to a three-term recurrence relation for the Clebsch-Gordan coe cients that can be solved through comparison with the recurrence relation with Askey-Wilson polynomials. This yields the measure (not necessarily positive) determining the decomposition of the tensor product into irreducible components.
The notation used for q-series and q-integrals in this paper follows that of Gasper and Rahman 6].
Euclidean q-superalgebra representations
The three dimensional q-supersymmetric Lie algebra 0; 0] is determined by its generators H, V + , V ? which obey the relations H; V ] = V ; fV + ; V ? g = 0:
We consider an analogy (!) of the in nite dimensional irreducible representations of the Euclidean Lie algebra, characterized by the nonzero complex number ! The spectrum of H corresponding to (!) is the set S = fn=2 : n 2 
we employ the model (13) 
where 0 < q < (17, 18, 19, 20) as generating functions for the matrix elements and computing the coe cients of z n 0 in the resulting expressions we obtain the explicit results (p = ?q): 
Each irreducible representation (! 1 ), (! 2 ) is de ned on L 2 0; 2 ] by the prescription (15) . To make sense of the operators (7) on a dense subspace of the tensor product space L 0; 2 ] L 0; 2 ] we proceed as follows. The Hilbert space inner product is
An orthonormal basis is ff n 1 n 2 = e i(n 1 1 +n 2 2 ) ; n j = 0; 1; 2; g. Using (13) 16] , there is an in nite parameter family of bases associated with the eigenvalue problem. We shall focus on those two that are the simplest in structure. The rst corresponds to the basis of eigenvectors f (1) kh = t h g (1) h z], g (1) h z] = i hk ((?1) h+1 q i.e., in each case the tensor product decomposes into a direct sum of irreducible representations.
In a similar manner we can use the adjoint operators to (39) and compute the resolution of the tensor product representation of the factors: ! 2 =! 1 and s h 0 is the smallest integer such that q s h a h < 1. (We assume that a h 6 = q n for any integer n.) Indeed the case s h = 0 of (52) follows from (50) and this result can be written as a complex contour integral. The case s h > 0 can be obtained from this result by shifting the contour.
Similarly the Clebsch-Gordan coe cients for the tensor product corresponding to the rst dual basis are given explicitly by (52) He n = (? + n 2 )e n :
We have V + = ?(V ? ) and H = H. The \Casimir" operator (5) relevant for the coproduct. Subject only to the conditions on (59), the lefthand side of this expression is an analytic function of z, convergent in a neighborhood of z = 0. Note that < Te n ; e n 0 >= T n 0 n :
Since the \group" operators that we are considering are unbounded, it is not clear that relation (60) where jq 2 ?n t=(1 + q)j < 1. These results make sense for n > n 0 as well as n 0 n. ? ( 
where J h=2 m (x; s) = K h=2 m (x)s h , and n = h + m; n 0 = h 0 + m 0 . On the other hand, from relations (7), (22) and (55) The representation space is a Hilbert space with inde nite inner product. Indeed < e n ; e n 0 >= nn 0(?1) n(n?1)=2 ; n; n 0 = 0; 1; 
Here, < T 0 e n ; e n 0 >= T 0 n 0 n (?1) n(n?1)=2 : For xed integer odd, this de nes a true inner product for little q-Jacobi polynomials; for even it is just a bilinear product since the discrete measure can be negative. It is not di cult to verify that on this basis the superalgebra acts as follows: 
